Abstract-We propose a framework for the detection of dangerous vehicle cornering events, based on test statistics related to the no-sliding and no-rollover conditions. The input variables are estimated using circle fitting of position measurements (giving the instantaneous radius of the driving trajectory), and a Rauch-Tung-Striebel smoother applied to a state-space model describing the vehicle dynamics. The accuracy of the resulting test statistic is evaluated in a simulation study. In addition, we present the results of a field experiment where three smartphones were used as measurement probes. Since the estimation only uses position and speed data from global navigation satellite system receivers, the framework is particularly well-suited for smartphone-based insurance telematics applications, aiming to avoid the logistic and monetary costs associated with e.g., onboard-diagnostics or black-box dependent solutions. The design of the estimation algorithm allows for instant feedback to be given to the driver, and hence, supports the inclusion of real time value added services in usage-based-insurance programs.
I. INTRODUCTION
Frameworks for the detection of dangerous vehicle cornering events are foremost motivated by safety aspects. Despite efforts to stabilize rollover inclined vehicles, e.g., sport utility vehicles [1] , and efforts to improve the conditions of the road surface and the quality of the tires, skidding and rollover events still play a major role in many of today's car accidents.
As of yet, no safety system exists that can fully compensate for the dangers in turning events induced by excessive speeds or reckless driving. However, the industry forecasts, predicting a paradigm shift as a result of the growth of insurance telematics [2] , assert that all drivers one day will be given the option to be financially compensated for safe driving. While some commercial usage-based-insurance 1 (UBI) programs are available on the market today, they are mainly based on information extracted from the cars' on-board-diagnostics system, or from externally installed hardware components, referred to as black-boxes or aftermarket devices. Due to costs related to installation, maintenance, and logistics, this limits the scalability of the UBI-programs and reduce their deployment. The use of smartphones for the collection of driving data has been identified as a promising alternative, due to the high penetration of smartphones among end-users, and the efficiency of wireless data transfer. The smartphone is typically mounted in the windshield (see Fig. 1 ), where it can provide the driver with information regarding both J. Wahlström, I. Skog, and P. Händel are with the ACCESS Linnaeus Center, Dept. of Signal Processing, KTH Royal Institute of Technology, Stockholm, Sweden. (e-mail: jwahlst@kth.se). 1 Usage-based-insurance is an automobile insurance where the insurer uses data on driving behavior to set the premium offered to each policyholder. The premiums will be adjusted so as to reflect the individual driver risk profiles constructed by the insurer. his driving, and the surrounding traffic. With the use of the collected data, the insurer can individually tailor the realtime feedback given to each driver, and reward low-risk policyholders by offering them a premium discount. Commonly employed figure of merits in the construction of the drivers' risk profiles include measures based on speeding, driving smoothness, harsh acceleration, harsh braking, swerving, ecodriving, and horizontal forces in cornering events [3] . The data can also be used in complementary projects with aims of social value, such as reducing congestion and emissions [4] .
The global navigation satellite system (GNSS) receivers commonly installed in smartphones are often of low quality, and the high presence of errors in the data demands a substantial use of data processing algorithms to increase the reliability of the data. Moreover, the potential use of other navigation sensors such as accelerometers, gyroscopes, and magnetometers, is limited by the fact that the orientation of the smartphone, with respect to the car, changes whenever it is picked up by the user.
The object of this paper is to present and study the accuracy of a method for risk assessment of vehicle cornering events, solely based on GNSS data. (Related studies utilizing measurements from e.g., inertial measurement units or optical sensors measuring the steering angle, can be found in [5] - [7] .) Within this framework, we also discuss a method for detecting outliers in the speed data, which otherwise could lead to false alarms of safety violations.
II. PROBLEM FORMULATION
In this section, we will propose a method for testing if the driver has engaged in a dangerous cornering event at time t n . The detection hypothesis can be formulated as H 0 n : The driver did not engage in a dangerous cornering event at time t n .
In order to quantify the above hypothesis, we examine under what conditions skidding and rollover events occur. For both types of events, we will assume that the vehicle's pitch and roll angles are equal to zero, and that the driving trajectory can be locally approximated with a circle.
First, we derive the no-sliding condition using arguments from classical mechanics. To this end, note that the force of friction exerted on the tires F f , is limited by the friction equation
which says that the force of friction can never exceed µ, the coefficient of friction, multiplied by the normal force F ⊥ , exchanged between the tires and the road surface. The coefficient of friction is uniquely determined by the vehicle's speed, the properties of the tires, and the road surface. The normal force will be equal to the force of gravity on the car, i.e., F ⊥ = mg, where m denotes the mass of the car, and g is the gravitational acceleration at the surface of the earth.
Assuming that the car at time t n travels with speed v n and longitudinal acceleration a n , in a perfect circle with radius r n , the horizontal force F h on the tires, can be divided into two parts. The first is the centripetal force, equal to mv 2 n /r n and directed towards the center of the circle. The second is the tangential force ma n , directed along the line tangent to the circle at the position of the vehicle at time t n . Since these two forces are perpendicular, and since we must have F f = F h if we are to avoid slipping, the friction equation can be rewritten as
where the force ratio F h /F ⊥ is denoted by
Correspondingly, the condition for the avoidance of a rollover can be found by studying the moment equation around G, the car's center of gravity. At the moment of a rollover, the innermost wheels will have left the ground, and the normal force only operates on the outer wheels. The force has an associated lever arm of l/2 (where l is the track width of the car), giving a torque of mg l/2. Including also the contribution from the radial force and denoting the height above ground of G by h, the total moment around G at time t n can in equilibrium be written as
which gives us the no-rollover condition
Tab. I shows that the kinetic tire friction coefficient is typically slightly lower than the static stability factor l/2h (the average static stability factor among vehicle models introduced in 2003 was approximately 1.4 for passenger cars and 1.2 for SUVs [8] ), and hence, the no-sliding condition should be violated before the no-rollover condition. That being said, a more realistic model including e.g., normal forces or friction forces unevenly distributed among the contact points between the tires and the road surface [9] , [10] , nonzero pitch or roll angles [6] , or tripped rollovers [11] , would complicate the analysis. Now, we define a dangerous cornerning event to have occurred when either of the statistics in (2) and (5) reach some predetermined thresholds, i.e., when the car is sufficiently close to a sliding or rollover event. Hence, a formalized version of H 0 n reads H 0 n : T (r n , v n , a n ) < γ SL and T (r n , v n , 0) < γ RO (6) where γ SL = c 1 · µ and γ RO = c 2 · l/2h for some constants c 1 , c 2 ∈ [0, 1]. These constants will have to be tuned to suit the needs of the particular application at hand, and to comply with the desired level of risk that should result in a rejection of the null hypothesis. The hypothesis is tested by estimating the input variables r n , v n and a n , and then calculating the corresponding test statistic T n ∆ = T (r n ,v n ,â n ). In the following two sections, we discuss the procedures for estimating the input variables r n , v n and a n .
III. CIRCLE FITTING OF POSITION DATA
To estimate the radius r n , we will fit a circle to the 2D position measurements
. Since the cornering events we want to detect are relatively short, the steering deflection will be more or less constant during a specific event, and it is close at hand to locally approximate the driving trajectory with a circle arc. We then have
for the true position p n+i = p
n , and the angle θ n+i . This will also give an intuitive interpretation to driving along a straight road, i.e., driving along a circle with a radius that tends to infinity. Due to the limitations imposed by the data acquisition rate of smartphone GNSS receivers (approximately once per second), it is often hard to capture the sharp and short-term turning events which we are interested
Circle fitted to the position measurements {p n−2 , ..., p n+2 }.
Circle fitted to the position measurements {p n−1 , ..., p n+1 }. Fig. 2 . Illustration of the limitations induced by the update rate of the smartphone GNSS receiver. Due to the circular approximation of the vehicle trajectory, the number of position estimates used in each circle fit must be kept low if short scale cornering events are to be captured with high accuracy.
in. If we estimate the driving trajectory from an excessive number of position measurements, the tendency will be to overestimate the radius, something which is illustrated by the example in Fig. 2. In Fig. 2 , the driver first holds a constant speed along a straight line going from p n−2 to p n−1 . A 90 degree left turn is then made starting at p n−1 and ending in p n+1 , while the driver is slowing down somewhat (the position samples are more closely spaced). The driver then continues along a straight line from p n+1 to p n+2 . A circle fitting algorithm applied to three consecutive positions at a time would be able to capture the sharp turn from p n−1 to p n+1 . When applied to {p n−1 , p n , p n+1 }, the fitting procedure will result in the small blue circle with center in c [3] n and radiusr [3] n . Due to the transient nature of the turn, a circle fit using all five positions will result in a circle with center in c [5] n , giving us a biased and larger estimater [5] n . To be able to capture turning events with a short duration, we will only use three consecutive position measurements in each circle fit. This will give the estimates great sensitivity at the expense of a larger variance, compared to when a greater number of measurements are used. Now, consider a model where the measurementp n originates from p n according tõ
Notice that the errors have been divided into two categories; common mode errors e C n , and non-common mode errors e NC n . The common mode errors arise from e.g., ionospheric radio signal propagation delays, and are strongly correlated in local areas [13] , so that e C n ≈ e C n+n0 for small enough n 0 . The noncommon mode errors stem from multipath errors and random receiver noise, and will be assumed to be i.i.d. Gaussian variables with zero mean. Since the circle fit only considers the relative change in position between the measurements, we can ignore the common mode errors, assuming that e C n ≈ e C n+2 , which is justified given the considered update rate. Hence, the radius estimater n will be based on the three-tuple of 2D position measurements {p n+i } 1 i=−1 , and the local model
The unique estimatesr n andĉ n = ĉ 
where
n+i−2 ). The probability moments of the radius and center point estimates in (10)−(12) were shown to be infinite in [14] . However, the first and second moments of T will be finite,
IV. ESTIMATING THE VEHICLE DYNAMICS
This section describes the procedure of estimating the vehicle's speed v n and longitudinal acceleration a n , at time t n , from the speed measurements {ṽ i } n+1 i=0 given by the GNSS receiver. The estimates are obtained using a fixed lag Rauch-Tung-Striebel (RTS) Kalman smoother (see Algorithm 1). We will begin by modeling the statistical development of the speed v(t) and acceleration a(t) in continuous time t, with the state space model
and α ∈ (−∞, 0). The process noise vector q(t) is assumed to be white Gaussian noise with covariance
where δ(·) denotes the Dirac delta function and
Using the notation ∆t n = t n+1 − t n and discretizing (13), we obtain [15] , [16] 
where x n ∆ = x(t n ), and
The process noise covariance matrix is 
8:
K n = 0 10:
end if 11:x n+1|n+1 =x n+1|n + K n (ṽ n+1 − Hx n+1|n ) 12:
13:
14:x n|n+1 =x n|n + G n (x n+1|n+1 −x n+1|n ) 15:
The speed measurements of the GNSS receiver can be modeled asṽ
where H ∆ = 1 0 . In addition to the Gaussian measurement noise w n ∈ N (0, σ 2 w ), we have included the zero mean error term β n , representing disturbances caused by e.g., multipath reflections. These errors often have typical outlier characteristics, and we will assume that β n is zero in most measurements, as well as uncorrelated with the Gaussian error terms. We set σ 2 , which is the normally expected variance of the GNSS speed measurements [17] .
The Kalman filter estimates of the state vector and the associated error covariance matrix will be denoted byx n1|n2 and P n1|n2 , respectively. The first subindex n 1 refers to the time at which the state is estimated, and the second subindex n 2 indicates the last measurement to have been observed before the estimation. Each iteration of the filter algorithm (see Algorithm 1) starts with a prediction step, wherex n+1|n and P n+1|n are calculated. After observing v n+1 , the squared normalized residual, denoted by T v (ṽ n+1 ), is calculated. Since T v (ṽ n+1 ) will follow a χ 2 (1)-distribution given that β n+1 = 0, we can construct an outlier detector by rejecting the hypothesis
. The threshold is set to γ max v = χ 2 0.01 (1), where χ 2 P (k) denotes the 1 − P -quantile of the χ 2 (k) distribution. If H0 n is not rejected, we first compute the Kalman gain K n , and then calculate the Kalman filter updatesx n+1|n+1 and P n+1|n+1 under the assumption β n+1 = 0. If H0 n is rejected, we discard the observation at t n+1 .
The final estimate of the state vector x n will (just as the radius estimates in Section III) use all measurements up to time t n+1 . As a result, we will obtain a consistent estimation framework, well-suited for an implementation r (3) c (3) c (1) r (1) r (2) c (2) p 1 p 20 Fig. 3 . The true positions at the sample times and the true driving trajectory (black dotted line) in the simulation study. The radius, center point, and complete circle associated with each circle arc is shown for illustrational purposes.
producing real-time (disregarding a lag of one sample period) feedback to the driver using all available measurements. After obtaining the updated estimates,x n|n+1 and P n|n+1 are calculated using the RTS formulas, andx n|n+1 is then used as input in the calculation of T n . Refer to [15] and [18] for details on the theoretical basis of the filtering algorithm.
V. SIMULATION STUDY
The simulation study was constructed to demonstrate the performance of the proposed test statistic in a dangerous cornering event. The influence of the time varying update rate and of outliers in the speed measurements was neglected, and hence, we assumed ∆t n = 1 [s] and β n = 0 [m/s] for all n.
We considered a fixed set of true positions and speeds from which we repeatedly generated observations with measurement noise. The true speed was modeled according to After assuming some turn direction in each region, the true position p(t) at time t was uniquely determined by t 0 v(τ )dτ , r(t), and p(0). Hence, we obtained the driving trajectory shown in Fig. 3 . As can be seen, the middle region where r(t) = 15 [m] constitutes our "cornering event". The circle fitting procedure applied to the true positions {p n+i } 1 i=−1 gives an effective radius 2 r n , which together with the true vehicle dynamics enables a calculation of the true test statistic T (r n , v n , a n ).
Next, position and speed measurements were generated according top
n , where the superscript denotes simulation j ∈ {1, ..., 10 000}. In each simulation, we calculated the estimate T
n ). As seen in Fig. 4(a) , calculations of T n = 1/10 000 · 10 000 j=1 T (j) n indicate that T n is close to unbiased, with a standard deviation in the order of 10% of T (r n , v n , a n ) in the region where r(t) = 15 [m] . Note that the sample standard deviation of T n is largely unaffected by the cornering event. Moreover, Fig. 4 also illuminates the estimation process and the assumed vehicle dynamics by displaying the estimated (in one simulation j) and true values of the test statistic, radius, and speed for each sample.
The parameters σ 
VI. FIELD STUDY
The data in the field study was collected simultaneously from three smartphone devices: one iPhone 4, one iPhone 5, and the Android based Samsung Galaxy S5. The measured and estimated variables associated with the devices will be denoted by the superscripts (·) iP4 (iPhone 4), (·) iP5 (iPhone 5), and (·) An (Samsung Galaxy). We have studied a short trajectory with a time span of just under half a minute, where the driver passed through a roundabout, undertaking approximately one and a half revolutions. The position measurements are shown in Fig. 5 . Note that the smartphones operated completely independent of each other, and hence, the measurement updates are not synchronized in time.
As can be seen in Fig. 5 , the presence of time correlated errors in the GNSS position measurements induces a slowly varying bias which causes a series of sequential measurements from one device to be equally displaced with respect to the measurements from another device. Since a large fraction of the positioning errors will have a strong temporal correlation over a time window of 2 seconds, the errors will have a limited effect on the radius estimates, as previously discussed in Section III.
The resulting radius estimates are shown in Fig. 6 (b). By comparison with Fig. 7 , it can be seen that the deviant estimates provided by the iPhone 5 at t ≈ 7.5 [s] can be assumed to be caused by a shift in the prevailing commonmode error, most likely brought on by a change in the satellite configuration used in the GNSS measurements. The corresponding deviation is not seen in the position measurements given by the other two devices, nor in any of the speed measurements. Applying the filtering algorithm described in Section IV to the respective speed measurements given by the three smartphones resulted in the speed and acceleration estimates shown in Fig. 6(c) and Fig. 6 The estimates of the resulting cornering test statistic are presented in Fig. 6(a) . It can be seen that deviant radius estimates given by the iPhone 5 lead to corresponding estimates of the test statistic which differ substantially from the estimates given by the other two devices. A comparative study including true measurements given by a reference system is out of the scope of this paper.
VII. CONCLUDING REMARKS
This paper has presented a framework for detection of dangerous vehicle cornering events, well-suited for smartphonebased insurance telematics applications. The detection is based on a continuously updated test statistic calculated using only GNSS measurements of position and speed. Simulations from an assumed driving trajectory indicate that the estimate is close to unbiased, and sufficiently accurate to be used as an indicator of unsafe driving in usage-based-insurance programs.
Further, we have compared the estimates of the input variables and the cornering test statistic given by three smartphone devices while driving through a roundabout at comparatively high speed. An outlier in the radius estimates given by one of the devices resulted in a presumably false sudden increase in the assessed risk, and highlighted the statistic's sensitivity to the radius estimates. It should be emphasized that the accuracy and characteristics of the builtin low-cost navigation systems in smartphones vary considerably among different models.
Continued research will be conducted to assess whether the accuracy in the test statistic can be improved by incorporating estimates of the vehicle's angular velocity, which are obtained by differentiating GNSS measurements of the vehicle's bearing.
